Treating the cosmological constant as a thermodynamic pressure, we investigate the critical behavior of a Kerr-Newman-AdS black hole system. The critical points for the van der Waals like phase transition are numerically solved. The highly accurate fitting formula for them is given and is found to be dependent of the charge Q and angular momentum J. In the reduced parameter space, we find that the temperature, Gibbs free energy, and coexistence curve depend only on the dimensionless angular momentum-charge ratio ǫ = J/Q 2 rather than Q and J. Moreover, when varying ǫ from 0 to ∞, the coexistence curve will continuously change from that of the ReissnerNordström-AdS black hole to the Kerr-AdS black hole. These results may guide us to study the critical phenomena for other thermodynamic systems with two characteristic parameters.
KN-AdS black hole is a two-characteristic-parameter thermodynamic system. Therefore, its critical behavior should be related both to Q and J. After a numerical calculation, the critical points indeed depend on Q and J. However, in the reduced parameter space, the temperature and Gibbs free energy only depend on a dimensionless angular momentum-charge (AMC) parameter ǫ rather than Q and J. Moreover, the coexistence curve is also dependent of ǫ only. And the coexistence curve continuously changes from that of the RN-AdS black hole to the Kerr-AdS black hole, as varying ǫ from 0 to ∞.
The main purpose of this paper is to study the critical phenomena for a KN-AdS black hole in the extend phase space. The paper is organized as follows. We review the thermodynamic properties of 4-dimensional RN-AdS and Kerr-AdS black holes, especially their thermodynamic properties in the reduced parameter space in Sec. II. In Sec. III, we study the thermodynamic critical behaviors of KN-AdS black holes. The equation of state, critical quantities, and theT −S,G −T diagrams are obtained. We find that all the isothermal and Gibbs free energy diagrams depend only on ǫ rather than on Q and J, so does the coexistence curve. Finally, we summarize and discuss our results in Sec. IV. We use geometric units of c = G d = = k B = 1 throughout the paper.
II. CRITICAL BEHAVIORS OF RN-ADS BLACK HOLE AND KERR-ADS BLACK HOLE
Before investigating the KN-AdS black hole system, we would like to give a short review of the critical behaviors for the RN-AdS black hole and Kerr-AdS black hole.
A. RN-AdS black holes
The solution of a 4-dimensional spherical RN-AdS black hole can be written as
where dΩ 
The parameters M and Q are the mass and charge of the black hole. Following the idea of [16] , the cosmological constant Λ can be treated as a thermodynamic pressure P ,
Making an analogy with the vdW fluid, there exists a specific volume v for the black hole [18] v = 2l
where l P is the Planck length and equals to 1 in geometric units. The temperature and Gibbs free energy for the black hole can be written as [18] 
The critical point can be obtained through solving ∂ v P = ∂ v,v P = 0, or ∂ S T = ∂ S,S T = 0, which lead to
Here, we define the thermodynamic quantities in the reduced parameter space as
Therefore, the temperature and Gibbs free energy in the reduced parameter space can be expressed as [37] 
It is easy to find that these quantities are charge Q independent, and are described in Fig.1 for the different values of the pressure P . For P < P c , there exist an oscillatory behavior ofT and a characteristic swallow tail behavior ofG. Both of them imply a firs-order phase transition for the black hole system. While for P > P c , the oscillatory behavior and characteristic swallow tail disappear, which reveals no phase transition occurring. Since the reduced temperature and Gibbs free energy are both free of the charge Q, the reduced coexistence curve is also free of Q. For the 4-dimensional RN-AdS black hole system, the authors of Ref. [47] firstly showed that there exists an analytical form for the coexistence curvẽ
We clearly show the curve in Fig. 2(a) . For higher dimensional RN-AdS black holes, only numerical results exist. And the fitting formula of the coexistence curves can be found in [37] . 
B. Kerr-AdS black holes
The 4-dimensional line element of a Kerr-AdS black hole in Boyer-Lindquist-like coordinates (t, r, θ, φ) is given by where
Regarding the cosmological constant as a pressure P , the temperature T and Gibbs free energy G can be expressed in terms of the entropy S, angular momentum J, and pressure P :
In Ref. [38] , we fund the solution of the analytical critical point for the Kerr AdS black hole by dimensional analysis:
The value of α, β, γ, and δ can be found in Ref. [38] . Therefore the reduced temperatureT and Gibbs free energyG areT
Similar to the charged AdS black hole case, theT andG of the Kerr-AdS black hole are independent of J. We show theT −S andG −T diagrams in Fig. 3 . The results are same as that of the RN-AdS black hole: the phase transition takes place for P < P c and disappears for P > P c . The reduced coexistence curve is also plotted in Fig. 2 (b). 
III. CRITICAL BEHAVIORS OF KN-ADS BLACK HOLES
In the last section, we clearly show that the critical behaviors of the charged RN-AdS black hole and rotating Kerr-AdS black hole are independent of the charge Q angular momentum J, respectively. Here we would like to ask how does the KN-AdS black hole of nonvanishing Q and J behave?
A. Thermodynamic quantities of KN-AdS black holes
The metric of the KN-AdS black hole is
where
The U (1) potential reads
The thermodynamic quantities of the KN-AdS black hole are [13] 
where r + denotes the radius of the black hole event horizon. Regarding the cosmological constant as a pressure P , one will get
The physical mass M , charge Q, and angular momentum J can be expressed by the parameters m, q, and a as:
After a simple calculation, the temperature T , mass M , and thermodynamic volume V can be expressed in terms of the entropy S, angular momentum J, and pressure P :
Thus the Gibbs free energy G reads
It will reduce to the RN-AdS and Kerr-AdS black hole cases with J = 0 and Q = 0, respectively.
B. Critical points for Kerr-Newman-AdS black holes
The critical point can be determined by the conditions ∂ S T = ∂ S,S T = 0, which reduce to
The above two equations will reduce to that of the RN-AdS or Kerr-AdS black hole when setting J = 0 or Q = 0. By solving it, one will get the analytic critical point. In Ref. [38] , we divided the thermodynamic quantities of a system into two classes, the universal and characteristic parameter. Since the d-dimensional singly spinning Kerr-AdS and charged RN-AdS black hole systems are single characteristic parameter thermodynamic systems, there exists analytic or exact critical point. Here we would like to apply the same technique to the KN-AdS black hole. However, for J = 0 and Q = 0, analytic or exact result could not be obtained, instead there is only the numerical result. After a simple analysis, we find that the KN-AdS black hole is a thermodynamic system with two characteristic parameters (J and Q), thus its critical point must be in the following form
which means that the critical point are functions of J and Q. Here we would like to define a new dimensionless AMC ratio ǫ
Thus for the KN-AdS black hole, we can convert the characteristic parameters (J, Q) to (ǫ, J) or (ǫ, Q). Here we adopt the the latter one. Then using the dimensional analysis, the critical point can be expressed as
The dimensionless coefficients α(ǫ), β(ǫ), γ(ǫ), δ(ǫ), and η(ǫ) are only the functions of the AMC ratio, and can be obtained by numerically solving Eqs. (30) and (31) . It is worthwhile to point out that we can construct fitting forms for these functions. The construction must satisfy: i) when ǫ = 0, Eq. (34) reproduces the critical point of the RN-AdS black hole, and ii) when ǫ = ∞, it gives the case of the Kerr-AdS black hole. Finally, we get the fitting forms for these functions 
2 (16αβ + 9) + 9 + 12πβ(4αβ + 3) + 9β
The behaviors of α(ǫ), β(ǫ), γ(ǫ), δ(ǫ), and η(ǫ) are shown in Fig. 4 . The dots denote the exact numerical result, and the solid lines are obtained from the fitting forms (35)- (39) . From the figure, we can clearly see that our fitting forms are highly consistent with the numerical result. A detailed calculation shows that the relative deviation of these coefficients are less than 0.0001%. Moreover, we can see that all of them are monotone functions of the AMC ratio. α and γ decrease with ǫ, while β, δ, and η increase with it. In Refs. [13, 48] , the authors got the line of second-order critical point in the J − Q plane with l = 1. Equivalently, setting P c = 3/8π in P c = α(ǫ)/Q 2 in Eq. (34), we can obtain the similar line. (35)- (39) . We can see that they are highly consistent with each
, and (e) η(ǫ).
C. Phase diagrams and coexistence curves
We will study the detailed information of phase transition in this subsection. In the reduced parameter space, the temperature and Gibbs free energy are given bỹ
2 (16αβPS + 9) + 9 + 12πβS(4αβPS + 3) + 9β
Since α, β, γ, δ, and η are just the function of ǫ, the reduced temperature and Gibbs free energy are only dependent of the AMC ratio ǫ rather than J and Q. Taking ǫ = 0 or ∞, one will get the reduce temperature and Gibbs free energy for the RN-AdS black hole or Kerr-AdS black hole, respectively. We plotT andG in Fig. 5 with different AMC ratio ǫ. ForP = 0.8, the reduced temperature displays the oscillatory behavior and the Gibbs free energy demonstrates the swallow tail behavior. With the increase of ǫ, the local maximum and minimum points ofT decrease, and the intersection point ofG is also shifted toward lowerT and higherG. WhenP = 1.2 the oscillatory behavior of the isobaric line and swallow tail behavior disappear. All the figures confirm a ǫ-dependent behavior. The oscillatory behavior of the reduced temperature and the swallow tail behavior of the reduced Gibbs free energy imply that there exists a first-order phase transition, which is known as the small-large black hole phase transition. The coexistence point, where the small and large black holes coexist at, can be obtained by constructing the equal area law on the isobaric line or determining the intersection point of the Gibbs free energy. SinceT andG are only dependent of the AMC ratio ǫ, the coexistence curve is dependent of ǫ rather than J and Q. For each fixed ǫ, the coexistence curve can be numerically solved. Applying the same fitting technique in Ref. [37] , we can get the highly accurate fitting formula for the coexistence curve. The fitting form is as follows:
where a 0 − a 10 are the fitting coefficients, and they are function of ǫ. A general result gives a 0 = a 1 = 0 for any ǫ. For examples, we list the values of the coefficients a i (2 ≤ i ≤ 10) for different ǫ in Table I . These results are very useful for further study on the thermodynamic property of the system varying along the coexistence curve. Moreover, we plot the fitting curve in Fig. 6 . For different values of ǫ, there only exists a tiny difference. From bottom to top, the ratio ǫ = 0, 0.5, 1, 2, 10, ∞, respectively. So the bottom one is for the RN-AdS black hole case, and the top one for the Kerr-AdS black hole one. Interestingly, for the KN-AdS black hole with nonzero and finite ǫ, its coexistence curve is located between that of the RN-AdS and Kerr-AdS ones. And with increasing ǫ from 0 to ∞, its coexistence curve will continuously change from that of the RN-AdS black hole to the Kerr-AdS black hole. Moreover, we also numerically check the relative deviations of the coexistence curves between a small ǫ one and that of the RN-AdS black hole one. The result suggests that when ǫ ≤ 0.01, the relative deviation will no more larger than 0.1%. On the other hand, the relative deviation will fall in the same precision between a KN-AdS black hole with ǫ ≥ 100 and a Kerr-AdS black hole. Therefore, one can believe that it is small enough for ǫ = 0.01 to describe a RN-AdS black hole case and large enough for ǫ = 100 to describe a Kerr-AdS black hole case.
In a word, in the reduced parameter space, the temperature, Gibbs free energy, and coexistence curve for the KN-AdS black hole are only dependent of the AMC ratio ǫ rather than the angular momentum J and charge Q.
IV. CONCLUSIONS
In this paper, we have studied the critical phenomena for the KN-AdS black holes in the extended phase space. We firstly reviewed the critical behaviors for the RN-AdS black hole and Kerr-AdS black hole. In the reduced parameter space, one can easily find that the critical behavior is charge independent for the RN-AdS black hole and angular momentum independent for Kerr-AdS black hole. The reason is that these black hole systems are single characteristic parameter thermodynamic systems. For a KN-AdS black hole with nonvanishing Q and J, it is a two-characteristic-parameter thermodynamic system. Therefore, according to the dimensional analysis, its critical point depends both on the parameters Q and J. And it seems at first sight that the state equation and the coexistence curve are also dependent of Q and J. Before further analysis, we defined a dimensionless AMC ratio ǫ. Then the critical point can be put in the forms of Eq. (34) . Using these forms, we obtained the temperature and Gibbs free energy in the reduced parameter space, and found that they are only dependent of the ratio ǫ, which implies that the state function and coexistence curve are also dependent of ǫ rather than Q and J.
We numerically solved the coefficients of the critical point. And highly accurate fitting formula for them are also obtained. The relative deviation between the exact numerical results and fitting results are less than 0.0001%. Moreover, we also gave the fitting formula for the coexistence curve with several ǫ shown in Table I . Its behavior was also plotted in Fig. 6 . For ǫ = 0, and ∞, they are just that for the RN-AdS black hole and Kerr-AdS black hole. And varying ǫ from 0 to ∞, the coexistence curve for the KN-AdS black hole continuously change from the RN-AdS case to the Kerr-AdS case.
Before ending this paper, we would like to make a few comments. In Ref. [38] , we examined the property for the thermodynamic quantities of a black hole system. And then we divided these quantities into two classes, i.e., the universal parameter and characteristic parameter. For the single characteristic parameter thermodynamic system, we argued that the form of the critical points can be uniquely determined by dimensional analysis. In the reduced parameter space, the coexistence curve is independent of its characteristic parameter. Under this viewpoint, we successfully studied the critical behavior for the d-dimensional singly spinning Kerr-AdS black hole system, which is a typical single characteristic parameter system. However this viewpoint becomes invalid for the two or more characteristic parameters system. The KN-AdS black hole system is a two-characteristic-parameter system. We in this paper showed that its critical point depend on the two characteristic parameters Q and J. However, in the reduced parameter space, the state equation, Gibbs free energy, and coexistence curve are dependent of only one parameter, i.e., the ratio ǫ, rather than Q and J. These results may guide us to study the critical phenomena of two-characteristic-parameter thermodynamic systems in future work.
